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ABSTRACT 

Prediction  intervals  are  extended  to  a  third  sampling  stage  involving 
the  distribution  of  the  t-th  smallest  value  in  a  third  stage  sample  which 
exceeds  the  k-th  smallest  value  in  the  second  sample.  Procedures  and  tables 
are  given  for  two  situations.  In  the  first  situation  the  usual  2-stage  pre¬ 
diction  interval  has  been  applied,  and  a  third  stage  is  now  required.  Sample 
sizes  are  given  for  this  problem.  In  the  second  situation  we  know  in  advance 
that  three  stages  will  be  necessary  and  the  factors  are  given  for  the  required 
procedure. 


2 

1.  INTRODUCTION 

In  [2]  "warranty  periods"  are  given  on  the  future  production  of  m  items 
from  an  s-normal  population,  all  m  of  which  meet  a  criterion  which  is  obtained 
from  a  preliminary  sample  of  size  n.  In  [3]  these  calculations  are  extended 
so  that  m-k+1  out  of  the  m  future  production  items  are  to  meet  the  warranty 
criterion. 

This  paper  extends  these  results  to  a  third  stage.  The  secondary  pro¬ 
duction  (the  future  production  in  [2,3])  met  the  criterion  and  we  are  now 
required  to  go  into  a  tertiary  stage  where  l-t+1  out  of  t  additional  items 
are  needed  to  meet  a  criterion  based  on  the  number  in  the  third  stage  that 
exceed  an  order  statistic  from  the  second  stage.  That  is,  we  know  that  at 
least  m-k+1  out  of  m  items  produced  at  the  secondary  stage  were  larger 
than  X  -  rS  (where  X  and  S  were  based  on  a  sample  of  size  n  at  the  first 
stage)  and  we  are  required  to  have  l- t+1  out  of  t  items  in  the  third  stage 
larger  than  the  k-th  smallest  item  out  of  m  in  the  second  stage.  The  third  stave 
must  be  accomplished  with  an  s-confldence  of  1-6,  i.e.,the  probability  is 
1-6  that  £-t+l  items  manufactured  at  the  third  stage  will  exceed  the  k-th 
smallest  item  at  the  second  stage,  given  the  k-th  smallest  item  at  the 
second  stage  is  larger  than  X  -  rS . 

He  will  solve  this  3-stage  problem  for  two  situations. 

Model  A:  The  criterion  of  [2,3]  has  been  applied  successfully.  Then 
it  is  necessary  for  additional  production  to  meet  the  criterion  that  t- t+1 
out  of  t  items  on  a  third  stage  are  larger  than  the  k-th  smallest  item  of  the  second 
stage.  Here  we  solve  for  the  sample  size,  l,  given  the  other  parameters 
of  the  problem. 

Model  B:  We  know  in  advance  that  we  are  going  to  have  three  stages 
and  in  this  case  we  solve  for  the  value  of  r  in  the  criterion 


>1 - - ■-  "  »  -  ~  <-■*  -  -  *  i. 
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Pr{Y(k)  <  Z(t)  X  “  rS  <  Y(k)}  *  1  "  e 


(1.1) 


Assumptions: 


1.  All  observations  are  from  an  s-normal  distribution  with  mean  u 

2 

and  variance  a  . 

2.  The  first  stage  observations  are  X^, 

3.  The  second  stage  observations  are  Y. ,  Yot...,Y  . 

1  4  IQ 

4.  The  third  stage  observations  are  Z^, 

5.  All  of  the  n+m+£  observations  are  s-independent  of  each  other. 


Notation  list: 


X  is  the  sample  mean  of  the  first  stage  sample  of  size  n. 

2 

S  is  the  sample  variance  of  the  first  stage,  sample  of  size  n,  i.e., 

S 2  =  l  (X  -X)2/(n-l). 
i-1  * 

Y^  is  the  k-th  smallest  observation  from  the  second  stage  sample  of 
size  m. 

is  the  t-th  smallest  observation  from  the  third  stage  sample  of 
size  t. 

V(k+j)  iS  t*ie  (k+j)-th  or<ler  statistic  from  a  sample  of  size  m  +  1  from 

2 

an  s-normal  distribution  with  mean  y  and  variance  o  .  ' 

1-3  is  the  s-confidence  that  £-t+l  items  manufactured  at  the  third 
stage  will  exceed  the  k-th  smallest  item  at  the  second  stage,  given  that 
the  k-th  smallest  item  at  the  second  stage  is  larger  than  Y  -  rS. 


2.  THE  3-STAGE  JOINT  PROBABILITY 


The  joint  probability  can  be  expressed  as 


L4 


PrS-  rS<  Y(k)  <  Z(t)> 


dlyi(!T)t^s)  PtS'tS<v^>1 


1) 


That  is,  the  3-stage  joint  probability  can  be  expressed  as  a  finite  sum 
of  weighted  probabilities  computed  by  the  process  given  in  [3]. 

3.  SAMPLE  SIZE  REQUIRED  FOR  MODEL  A 

We  assume  that  the  user  has  conducted  the  two-stage  process  as  given 
by  Fertig  and  Mann  [3]  and  that  the  product  at  the  second  stage  has  met 
the  criterion  that  the  k-th  order  statistic  Y^  is  greater  than  X-rS  where 
r  is  obtained  from  tables  in  [3].  Now  we  wish  to  find  the  sample  size,  l, 
required  so  that  PrfZ^  >  Y^  |  Y^  >  X  -  rS)  ■  1  -  B. 

Since  it  seems  reasonable  that  the  same  risk  be  applied  to  the  third  stage 
as  was  used  on  the  second  stage,  we  also  assume  that  Pr{Y^  >  X-rS}*l-B. 
Then  we  wish  to  find  the  maximum  value  of  i  so  that 
Pr{x  -  rS  <  Y(k)  <  Z(t)}  >  (1  -  0)2. 

Table  1  gives  the  sample  size,  l,  needed  at  the  third  stage  to  satisfy 
this  inequality  for  8  ■  0.10,  0.05.  A  dash  indicatesit  is  impossible  to 
attain  the  required  value  of  S. 

The  first  stage  sample  size,  n,  has  little  effect  on  the  probability 
Pr(x  -  rS  <  Y^kj  <  Z^}.  As  the  sample  size  n  increases  from  2  to  ®,  the 
value  of  l  decreases  by  at  most  3.  We  therefore  printed  in  Table  1  only 
the  values  of  l  for  n«2  and  indicate  the  amount  of  decrease  in  i  between 
n  ■  2  and  n«®  by  placing  *'s  after  the  entry  with  the  number  of  *'s  indicating 
the  amount  of  the  decrease,  l.e.,  *  indicates  l  decreased  by  one  between 
n  ■  2  and  n  ■  **  Indicates  l  decreased  by  two  between  n  ■  2  and  n  ■  etc. 


4.  DETERMINATION  OF  THE  FIRST  STAGE  FACTOR  r  FOR  MODEL  B 


In  the  situation  considered  in  this  section  we  assume  that  we  know 


we  are  going  to  h?”e  three  stages  before  the  first  stage  is  completed.  That 
is,  we  want  to  find  a  value  of  r  similar  to  the  value  of  r  given  by  the  pre¬ 
diction  intervals  as  presented  in  [ 3 ] .  This  time,  however,  we  want  to 


find  r  such  Pr{Y^  < 
representative  values  of  r. 


X  -  rS  <  Y^}»1  -  6.  Table  2  gives  some 


5.  EXAMPLE 

We  extend  the  numerical  example  given  in  [3,  p.  177].  In  that  example 
turbine  nozzles  made  of  cast  alloy  MAJR-M  246  cc  were  to  have  a  constant  load 
of  25k  psi.  A  group  of  50  nozzles  was  available  and  10  of  them  were  ran¬ 
domly  selected  and  life-tested  in  order  to  predict  the  failure  time  of  the 
remaining  40.  The  sample  mean  and  sample  standard  deviation  of  the  log 
failure  times  for  these  ,10  nozzles  were  3.850  and  0.034,  respectively. 

An  s-normal  distribution  for  the  failure  times  was  assumed.  For  n  *  10,  m  -  40,  k«5 
and  6-0.05,  Fertig  and  Mann  t3]  found  that  r-2.37.  Hence  a  95  percent 
lower  prediction  limit  for  the  time  of  failure  5  for  the  remaining  40  nozzles 
is  exp [ 3 . 850  -  (2.37) (.034) ]  -  43.4  hours. 

For  the  problem  discussed  in  Model  A  of  this  paper  ,  we  need  addi¬ 
tional  nozzles  for  the  third  stage  knowing  that  among  the  40  nozzles  of 
the  second  stage  the  fifth  failure  was  after  43.4  hours.  Suppose  that  we 
want  to  be  95%  sure  that  the  fifth  failure  time  in  a  third  stage  sample  is 
larger  than  the  fifth  failure  time  on  the  second  stage,  what  is  the  largest 
sample  size  we  can  take  on  the  third  stage  to  meet  these  conditions?  From 
Table  1  with  8  -  0.05,  n«  10,  m  -  40,  k»  5  -  t,  we  find  i  =  14.  •  Hence  with 
a  sample  of  size  14  there  is  95%  s-confidence  that  at  least  10  out  of  14  of 
the  third  stage  sample  will  have  a  longer  life  than  the  fifth  failure  time 


at  the  second  stage. 


For  an  example  using  the  tables  of  Model  B,  we  will  assume  that  n*10, 
m*2,*40,  k»2,  t*6  and  8*.  10.  From  Table  2,  we  get  r  ■ 1.6521.  Hence 
our  criterion  for  the  nozzles  of  Fertig  and  Mann’s  [3]  example  is 
exp[3. 850  -  (1.6521) (0.034) ]  *  44.4  hours.  Now  there  is  a  90%  s-confidence 
that  the  sixth  failure  ouu  of  40  sampled  at  the  third  stage  will  be  greater 
them  the  second  failure  at  the  second  stage  knowing  that  the  second  failure 
out  of  40  sampled  at  the  second  stage  was  above  44.4  hours. 
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TABLE  2 

Factors  for  obtaining  100(1-8)%  1 -sided  exceedances  for  containing 

at  least  £-t+l  out  of  i  additional  observations  at  a  third  stage  given 
a  first  stage  sample  of  size  n  and  a  second  stage  sample  of  size  m(<*£) 
for  which  at  least  m-k+1  out  of  m  observations  were  in  the  prediction 
interval  (Model  B) . 
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TABLE  2 

Factors  for  obtaining  100(1-8)%  1-sided  exceedances  for  containing 
at  least  8,-t+l  out  of  l  additional  observations  at  a  third  stage  given 
a  first  stage  sample  of  size  n  and  a  second  stage  sample  of  size  m(=il) 
for  which  at  least  m-k+1  out  of  m  observations  were  in  the  prediction 
interval  (Model  B) . 
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